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Abstract: In this paper we compute the one-loop chiral logarithmic corrections to the S 
and T parameters in a highly deconstructed Higgsless model with only three sites. In addition 
to the electroweak gauge bosons, this model contains a single extra triplet of vector states 
(which we denote and p^), rather than an infinite tower of "KK" modes. We compute 
the corrections to S and T in 't Hooft-Feynman gauge, including the ghost, unphysical 
Goldstone-boson, and appropriate "pinch" contributions required to obtain gauge-invariant 
results for the one- loop self-energy functions. We demonstrate that the chiral- logarithmic 
corrections naturally separate into two parts, a model- independent part arising from scaling 
below the p mass, which has the same form as the large Higgs-mass dependence of the S 
or T parameter in the standard model, and a second model-dependent contribution arising 
from scaling between the p mass and the cutoff of the model. The form of the universal 
part of the one-loop result allows us to correctly interpret the phenomenologically derived 
limits on the S and T parameters (which depend on a "reference" Higgs-boson mass) in this 
three-site Higgsless model. Higgsless models may be viewed as dual to models of dynamical 
symmetry breaking akin to "walking technicolor", and in these terms our calculation is the 
first to compute the subleading corrections to the S and T parameters. We also discuss 
the reduction of the model to the "two-site" model, which is the usual electroweak chiral 
lagrangian, noting the "non-decoupling" contributions present in the limit Mp oo. 
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1. Introduction 



Higgsless models Q accommodate electroweak symmetry breaking without the introduction 
of a fundamental scalar Higgs boson Q. In these models, the unitarity of longitudinally- 
polarized electroweak gauge-boson scattering is achieved through the exchange of extra vector 
bosons m, 1^, ^, rather than scalars. Based on TeV-scale H] compactified five-dimensional 
gauge theories with appropriate boundary conditions |9|, |lO|, 11 1, these models provide 
effectively unitary descriptions of the electroweak sector beyond the TeV energy scale. They 
are not, however, renormalizable, and must be viewed as effective theories valid below a cutoff 
energy scale inversely proportional to the five-dimensional gauge-coupling squared. Above this 
energy scale, some new "high-energy" completion, which is valid to higher energies, must be 
present. 

Deconstruction |12, 13] is a technique to build four-dimensional gauge theories, with 
appropriate gauge symmetry breaking patterns, which approximate - at least over some 
energy range - the properties of a five-dimensional theory. Deconstructed Higgsless models 
[0, 15, 16, 17, 18, 19, 20| have been used as tools to compute the general properties of 
Higgsless theories, and to illustrate the phenomological properties of this class of models. 
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In the simplest realization of Higgsless models, the ordinary fermions are localized (on 
"branes") in the extra dimension. Such models necessarily give rise to large tree- level 
corrections to the electroweak S parameter, and are not phenomenologically viable. It has 



been shown, however, that by relaxing the fermion locality constraint |21, 22, 23, 25] 
- more correctly, by allowing fermions to propagate in the compactified fifth dimension and 
identifying the ordinary fermions with the lowest KK fermion states - it is always possible 
to choose the fermion wavefunction in the fifth dimension so that all four-fermion electroweak 
quantities at tree-level have their standard model forms. ^ 

Recently, a detailed investigation of a highly deconstructed three site Higgsless model 
[H] ~ ™ which the only vector states are the ordinary electroweak gauge bosons and a single 
triplet of and vector states - has been completed.^ Although relatively simple in form, 
the model was shown to be sufficiently rich to incorporate the interesting physics issues related 
to fermion masses and electroweak observables. Calculations were presented addressing the 
size of corrections^ to qT, b 57, and Z bb. 

In this paper we compute the one-loop chiral logarithmic corrections to the S and T 



parameters [^, 29, ^] in the three site Higgsless model, in the limit <^ Mp <^ A, 

where A is the cutoff of the effective theory. We compute these corrections in 't Hooft- 
Feynman gauge, including the ghost, unphysical Goldstone-boson, and appropriate "pinch" 
contributions ^] required to obtain gauge-invariant results for the one-loop self-energy 
functions. 

For the S-paramter, we find the result 



aS; 



3— site 



Ala , A^ 3a 



a , M2 



+ tt;- log ■ 



127r Ml f 

/i=A Href 




lo£[ 1 

247r ^ M2 Stt 
-87ra(ci(A) + C2(A)) . (1.1) 

where the parameter xi measures the amount of fermion delocalization, Mnref is the reference 
Higgs boson mass used in the definition of the S-parameter, and ci^2 are higher order counter- 



terms [18]. The parameters Mp, Myy, and xi are renormalized at one-loop^ and, to this 



order, in the first term of Eqn. (|1.1|) they should be understood to be evaluated at the scale 



^It should be emphasized, however, that there is no explanation in any of these models (which are only 
low-energy effective theories) for the amount of delocalization. In particular, there is no dynamical reason why 
the fermion delocalization present must be such as to make the value of aS small. 

^Note that the and here correspond to the W'^ and Z' in that paper. 

^In the original version of j2^], we used the notation Ap rather than aT. To the order we are working, they 
are identical: Y oc (Ap — aT) vanishes in an ideally delocalized model pit . 

^In a forthcoming paper we will report the results of a full renormalization-group analysis of the 0(p*) 
terms in the three-site Higgsless model effective theory, allowing us to independently confirm the results in 
Eqns. (1.1) and (^^, and to express the values of aS and aT in terms of low-energy parameters. 
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A. Note that the chiral-logarithmic corrections naturahy separate into two parts, a model- 
independent part arising from scahng below the p mass, which has the same form as the 
large Higgs-mass dependence of the S'-parameter in the standard model, and a second model- 
dependent contribution arising from scaling between the p mass and the cutoff of the model. 
The form of the model-independent part of the one-loop result allows us to correctly interpret 
the phenomenologically derived limits on the S parameter (which depend on a "reference" 
Higgs-boson mass [^) in this three-site Higgsless model. 
Similarly, we obtain for T 

3a , Mj 3a , 47raco(A) , , 

where Mffref is the reference Higgs-boson mass, c is approximately cosine of the standard 
weak mixing angle (see Eqn. ( |2.6| )) , and co(A) is the relevant 0{p^) custodial isospin-violating 
counterterm renormalized at scale A. Again, note the separation into model-independent and 
model-dependent pieces and the standard-model-like dependence on the "reference" Higgs- 
boson mass. 

The next few sections of the paper introduce the model and the form of the Lagrangian 
in terms of the gauge eigenstates and mass eigenstates. We then present the results of our 
computations of the one-loop corrections to the self-energy functions of the W and Z bosons. 
Subsequently, we compute the one-loop corrections to the S and T parameters arising from 
the gauge sector and arrive at the results summarized above. We then turn to the relationship 
between the Mp oo limit of the three-site model and the usual electroweak chiral lagrangian 
p^ , |3^ , discussing the importance of the "non-decoupling" contributions which arise in 
this limit. 

We conclude the paper by discussing the relationship of our results to the general ex- 
pectations for the form of these corrections in models with a strongly-interacting symmetry 
breaking sector. Higgsless models may be viewed as dual ^ ^ to models of dynam- 

ical symmetry breaking |41, 42] akin to "walking technicolor" |p3| , 0, |4^, 46, and in 



these terms our calculation is the first to compute the subleading corrections to the S and 
T parameters. The model we discuss is in the same class as models of extended electroweak 



gauge symmetries [S^] motivated by hidden local symmetry models |£l|, |55|] of 

chiral dynamics in QCD. We specifically compare our findings to the corresponding results in 
the "vector limit" fS^ of hidden local symmetry models. 



2. The Three-Site Model 

The three-site Higgsless model analyzed in this paper is illustrated in Fig. Q using "moose 
notation" ||5^. The model incorporates an SU{2)l x SU{2)v x U{1)b gauge group with 
couplings goi 9i) and §2 respectively, and 2 nonlinear {SU{2) x SU{2))/ SU{2) sigma models 
in which the global symmetry groups in adjacent sigma models are identified with the cor- 
responding factors of the gauge group. The symmetry breaking between the middle SU (2) 
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Figure 1: The three-site Higgsless model analyzed in this paper is illustrated using "moose notation" 
[st) . The model incorporates an SU{2)l x SU{2)v x U{1)b gauge group with couplings go, gi, and 32 
respectively, and two nonlinear {SU{2) x SU{2))/ SU{2) sigma models in which the global symmetry 
groups in adjacent sigma models are identified with the corresponding factors of the gauge group. 



and the U{1) follows an SU{2)l x SU{2)ji/ SU{2)y symmetry breaking pattern with the U{1) 
embedded as the Ta-generator of SU{2)ii. The leading order lagrangian in the model is given 
by 



i=l 



1 



iT[R 



(2.1) 



ML, 
i 

where L^j^, V^,^, and R^i^ are the matrix field-strengths of the three gauge groups, i?^ = B^^, 
and the covariant derivatives acting on are defined as 



(2.2) 
(2.3) 



The 2x2 unitary matrix fields S(^) and S(2) may be parametrized by the Nambu-Goldstone 
(GB) boson fields vr^i) and 7r(2) : 



for i = l,2, 



(2.4) 



with the decay constant^ /. 

This model (see [27] for details) approximates the standard model in the limit 



X = 90/91 < 1 , y = 92/91 <■ 1 , 



(2.5) 



in which case we expect a massless photon, light W and Z bosons, and a heavy set of bosons 
and with M\y <^ Mp . Numerically, then, (70,2 are approximately equal to the standard 



^For simplicity, here we take the same decay constant / for both links. 
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model SU{2)w and U{1)y couplings, and we therefore define an angle 6 such that s = sinO, 
c = cos 9, and 



2 _ 47ra _ ^ ^ Aira _ e'^ s _ §2 , . 



.2 _ _ ^ 2 

2 — 2 ' i'2 

where a is the fine-structure constant and e the charge of the electron. 



2.1 Fermion Couplings and aS at Tree-Level 

In general, the standard model fermions may be delocalized along the three-site moose in the 



sense that their weak couplings arise from both sites and 1 ||5g, 25 1 



Cf = J^-{{l- xi)L^ + xiV^) + , (2.7) 

where and Jy are the fermionic weak and hypercharge currents, respectively, and < xi <C 
1 is a measure of the amount of fermion delocalization. This expression is not separately gauge 
invariant under SU {2)q and SU (2)i. Rather, the fermions should be viewed as being charged 
under SU{2)q, and the terms proportional to xi should be interpreted as arising from the 
operator of the form 

C'f = -x^-^L{ip^i)^\^)^L, (2.8) 

in unitary gauge. We will be interested only in the light fermions (i.e. all standard model 
fermions except for the top-quark), and will therefore ignore the couplings giving rise to 
fermon masses (these are discussed in detail in p7|). 

Some degree of fermion delocalization is desirable for phenomenological reasons. Di- 
agonalizing the gauge-boson mass matrix and computing the relevant tree-level four-fermion 
processes, one may compute the value of the 5-parameter at tree-level, with the result |5S , 25] 



gtree ^ ^^^^ 1 _ . (2. 



Current experimental bounds on aS are 0(10^'^) |5^. Since exchange of the p meson is 
necessary to maintain the unitarity of longitudinally polarized VF-boson scattering, we must 
require that Mp < 0(1 TeV) - leading, for localized fermions with xi = 0, to a value of aS^^^^ 
which is too large. For the three-site model to be viable, therefore, the value of the fermion 
delocalization parameter must be chosen to reduce the value of aS^^'^^ |21, 22, 23, p^].^ 



2.2 Duality and The Size of Radiative Electroweak Corrections 

By duality ||3^, tree- level computations in the 5-dimensional theory represent the leading 



terms in a large- expansion |60| of the strongly-coupled dual gauge theory akin to "walking 



technicolor" H3, 44, 45, 46, 47, Hq]. The mass of the W boson, Mw, is proportional to a 



weak gauge-coupling, g^w, (which is fixed in the large- approximation) times the /-constant 



®See footnote 1. 
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for the electroweak chiral symmetry breaking of the strongly-coupled theory. Therefore, we 
expect M^/Mp to scale as [|6^, ^| 



^ 77^ , (2.10) 



which is the expected behavior of the S-parameter in the large- limit [p8| , p^ . 

We now specify the limit in which we will perform our analysis. As shown below (see 



Eqns. (4J, 4^)), in the small x limit 



SO that the tree-level value of aS vanishes if xi = In what follows, therefore, we will 

assume that xi = 0{x'^). Overall, then, we work in the limit 

1 > \aS^''^^\ = o( > \aS'"'^-^''°P\ = o( -^^^ > , (2.12) 

which is manifestly consistent with the large-A^ approximation. Once we choose the value 
of xi to make the size of aS**^^*^ consistent with the phenomenological bound of 0(10"^), 
one-loop electroweak corrections aS°"^~'°°^ become potentially relevant. 

Note also that aT*^*^*^ ~ in these models, independent of the degree of fermion delocal- 



ization ||20|, 25 1. The one- loop corrections to aT are therefore of interest. Those arising from 
the extended fermion sector have been shown^ to place strong lower bounds on the masses of 



the KK fermions |27|. Those arising from the gauge sector are considered below. 

In practice, in calculating corrections to the gauge-boson self-energy functions, we will 
work in the leading-log approximation, and to order a; we will neglect corrections 0{ax'^ M^^) 
or 0{ax'^p'^), but keep those of order 0{ax^Mp). 

3. Gauge Sector Lagrangian 

In order to obtain the relevant interaction terms to compute the one-loop electroweak correc- 
tions, we expand the link variables Si and S2 as follows 

= 1 + + ^(^') ' for i = 1, 2 . (3.1) 

Furthermore, it is convenient to change the normalization of the gauge-boson fields so that the 
gauge-boson kinetic energy terms in Eqn. ( |2.lD are canonically normalized, and to introduce 
the following vectors in "link" and "site" space, respectively 



(2)/ 
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with Rj^ = E?^ = 0, and E?^ = S^. In terms of these quantities, the lagrangian (2J.) decom- 
poses into the following pieces: 

+£^AAA + Caaaa H , (3.3) 

where we have ignored the interaction terms including more than three GB fields since these 
terms do not generate vertices relevant to the one- loop processes of interest. 

3.1 C,-^^: Kinetic Energy and Gauge-Fixing Terms 

Terms in the lagrangian are quadratic in the GB fields tt" or gauge fields 

= 4iu.e + \ id,^'' -f{D-G-Ai]f • (d^^^ -f(D.G-A>^'^\), (3.4) 



gauge ^ 2 \ ^^ ■' \ M 

where the kinetic terms of the gauge fields are included in >Cg™gg, I? is a 2 x 3 difference 
matrix in the link/site space defined as 

and G is the gauge coupling-constant matrix with the diagonal elements [go, 91,92) ■ 
It is convenient to introduce charge eigenstate fields 

A^ = {L^,V^)'^ , A^^ = {Ll,v;^,B^f, (3.6) 

= (7r(i),vr(2)) ' ^ =(^(1)'^{2)J ' (3.7) 

where 

L^ = ^i±=-Ji, y± = ^i^=_Ji, (3.8) 

and with tt^^ and tt^-s^ {i = 1,2) defined analogously. Using the charge eigenstate fields, the 
mass terms of the gauge fields are expressed as 

AfMl^A^^- + ilo^M^ci^o , (3.9) 

where M'^^j and Mf^^ are the mass matrices for the charged and neutral gauge bosons 



4 I -5051 29I 



^cc = Y I 1 > (3-10) 



9o -9o9i 

-5051 '^91 -9192 I • (3.11) 



\ -5152 92 
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The lagrangian includes quadratic mixing terms between the GB fields tt"" and the 
gauge fields A^. These terms are eliminated by adding the following gauge fixing term^ 



2e 



where 



ga 



(3.12) 



(3.13) 



After fixing the gauge, the unphysical Goldstone boson fields acquire the gauge-dependent 
masses M^± and M^o 



Ml 9o+9l -9l 



-al 



4 I -gl gl+gl 



(3.14) 
(3.15) 



The lagrangian C^:^ combined with the gauge-fixing term in £gf then become 
where 



(3.16) 

(3.17) 
(3.18) 



3.2 The Fadeev-Popov Ghost Lagrangian L-pv 

Next we introduce the ghost terms corresponding to the gauge fixing terms in Eqn. ( |3.12| ) 



)IJ ■ "--J 



(3.19) 



where Cf and Cj {I, J = 0,1,2) are respectively the Fadeev-Popov (FP) ghost and the 
anti-ghost fields corresponding to the gauge groups on the /th-and Jth-site, and 



(r''^)/j = gj ■ 



SGI 

6e'j 



(3.20) 



^We take the same gauge parameter for all the gauge groups. 
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with being the infinitesmal generator of the gauge transformations. The infinitesimal 
transformation laws for the gauge fixing functions Qf are immediately derived from those for 
the gauge fields and the GB fields tt" ^ 

(3.21) 

(3.22) 
(3.23) 
(3.24) 

(3.25) 





= D,@l = ( 




0o> 




= D^Ql = ( 
















= ^(5oes- 


5ie?)+0(7r2), 








<72e^) + 0(7r2). 





Defining the charge eigenstates for the FP ghost fields, we find 



•"int. 
-FP ) 



(3.26) 



where 



£kin. ^ (52^. . _ ^[m2^] . .) C- + h.C. 

-C? (a2,5jj - ^[M2,^]7j) , (3.27) 

4p = i9i {Ki - d^C^C-} + Al,d^CtC-) + h.c. , (3.28) 

with = (L+,vy")^ and A^^^ = (L^,!/^)^, and where we sum over the repeated indices 
= 0,1 and /, J = 0,1,2). 

3.3 The Non-Abelian Interactions Caaa and Caaaa 

The Non-Abelian interaction terms among the gauge fields and are 



+ h.c. , (3.29) 



Caaaa = 



9'o 



+90 



+ 



9l 



+9t v^v-v^^v^ - v+v-v^v^ 



(3.30) 



*Hcrc wc omit terms including more than two GB fields, since these interactions are irrelevant to the 
processes we are concerned with. 
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3.4 The Goldstone Boson Interactions L-^ aa^ C^-k-k A and L-^t^aa 



The remaining Goldstone Boson interactions necessary for our computations are expressed as 
follows: 



r 9lf abc 
t-irAA = 



(3.31) 



jOnnA = - 2e"''fi*M7rfi)7rfi) {goL'^'' + giVn - ^e'^'^d^^l.^Trl^ {g.V'^'^ + g2Rn , (3.32) 
JC-..AA = ^e^"^^^'' [gogiLy^.^V^^Trf,^ + yiysF;^)^'^'^)) • (3-33) 
These interaction terms may be rewritten in terms of the charge eigenstate fields as^ 



■kAA 



■ 9if 



go {LlV^+ - V^L>^+) ttZ. - g2B,V'^+7r7^. + goL^V^-Trf, 



+ h.c. , (3.34) 



■kttA 



) {goL'^+ + giV^^) - gi (nf^^ tt^-^) V^^ 



+ h.c. , 



(3.35) 



^■kttAA — 



91 
2 



+h.c. . 



(3.36) 



4. Mass Eigenstate Fields 

To facilitate our computation of the one-loop corrections to aS and aT, we express the 
interactions derived above in terms of mass eigenstate fields. As we are interested in the limit 

X = go/gi ^ 1, we will diagonalize the mass matrices perturbatively in x. 
The charged gauge boson mass matrix Mqq has the eigenvalues 



«2 f2 



2 4 
X X 



+ 0{x^ 



2 4 

„ OC X y 

2 + T-¥ + ^(^ 



Expanding the gauge-eigenstate fields in terms of the mass eigenstates, we find 



V: 



± 



^Here we define {A B) = {d^A)B - A{d^B) 



(4.1) 



(4.2) 



(4.3) 
(4.4) 
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where 



+ 



1 + T + 



2 Vl + t + 



(4.5) 



The neutral gauge boson mass matrix Mf,,^ has one zero eigenvalue, corresponding to 



the photon, and the two non-zero eigenvalues 



Mi 



4 



2c2 8c4 



x2 (l-t2)2^4 



(4.6) 
(4.7) 



where the angles s = sin 6 and c = cos0 are defined in Eqn. (|2.6D , and t = tan^ = s/c. 
Expanding the neutral gauge-eigenstate fields in terms of mass eigenstates, we find 

2^3 _ „,L A I „,L ry I „o 



(4.8) 
(4.9) 
(4.10) 



where 








v\ = 


s{ 






„y _ 


sx 


(1- 






c{ 




^s^x^ + 



c 1 



+ ... 



2 I + 8 + 



- 



-1(1 + 



•) 



-s i 



+ 



-f (1 



x^(l-3t^) 
8 

8 ■ ■ 

_ x2(3-f^) , 
8 + 



(4.11) 

L V B 

In obtaining the photon wavefunctions v^' ' , we have expanded the electromagnetic coupling 
e in powers of x as 

1111 



9 2+2+2 
e 9o 9i 92 



1 



9ls'^ 



) 



(4.12) 



Since the mass matrices for the ghost fields are (see Eqn. ( |3.27 )) equal to those of 
the vector bosons, up to an overall factor of ^, the corresponding relationships between the 
gauge-eigenstate and mass-eigenstate ghost fields are 



^(0) 



(1) 



Vw±Cw± +Vp±Cp± , 

V ri : V 



and 



^3 
'-(0) 

^3 
^3 



v'a Ca + v^ Cz + v^oCpO, 
v\ Ca + v'^zCz + <o Cpo , 
vl Ca + vI Cz + vfoCpO. 



(4.13) 
(4.14) 

(4.15) 
(4.16) 
(4.17) 
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Similarly, the charged GB matrix M^j- has the eigenvalues and ^M^±, and the 

neutral GB matrix M^o has the eigenvalues ^M^ and C^IpO- The mass matrices for the 
Goldstone bosons are given in Eqns. (l3l^ ) and Expanding the eigenvectors in powers 

of X we find that the GB fields are expressed in terms of the mass eigenstate fields it\y± z 
and TTpi pO as 



TT 



TT 



-±,3 
(1) 
±,3 
(2) 



,(1) 



,(2) 



where 



/I) 

Jttz 
. (2) 



+ 



1 

1 

" V2 



4 



+ 



+ ••• 



with t = for the wavefunctions of vr^yi p±. 



(4.18) 
(4.19) 

(4.20) 



5. One-Loop Corrections to the Gauge Boson Self-Energies 

In order to compute the one- loop corrections to the S and T parameters, we must evaluate 



the relevant contributions to the gauge-boson self-energies |28, 29]. Using the results of the 
previous section, the gauge-sector interactions may be written in terms of the mass-eigenstate 
fields, yielding (order by order in x) the interactions necessary for our calculations. The gauge- 
sector interactions, written in the mass-eigenstate basis, are summarized in Appendix and 
the relevant diagrams are shown in figs. |2| and |3|. 

We define the self-energy amplitudes for the SM gauge bosons as 



d^xe-^P^{0\TA'^ix)A''JOm = ig^'I^A^AAp) + (p^'^term) , 



(5.1) 



where i and j denote the species of the SM gauge bosons. In the present calculation, we 
choose the 't Hooft-Feynman gauge ^ = 1. The amplitudes are evaluated by using the 
Feynman integral formulae given in Appendix ^ as described there, the formulae are derived 
using dimensional regularization and renormalized at the cutoff scale A of the effective theory. 

5.1 Neutral Gauge Boson Self-Energies 

The values of the individual diagrams in Fig. ^ are shown in Appendix 0. Putting these 
contributions together, we obtain the photon self-energy 

^2 



the ZA mixing self-energy 

nzA(/) - 



{Att)' 



■P 



A2 , A2 
31og^ + 31og^ 



M, 



w 



(5.2) 
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log H log ■ 
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P w~ 

(E) rr,. (F) vr,^^ («) vr,± (H) vr^_, 

AA/^' "iW\ AA/^' "i(VV\ ,■ \ { } 

(I) X ^ ^ 

AAAlTVWA AAyy fyv\ AAA* VaA AAA* VaA 

TTpT TTyi/T Cp- Cw- 

(M) (N) ^ (O) c:± (P) C^,i 

r^ry^ T<y-z tQi z'^yrz 

7Tw^ '^W^ <-yvl/=F 

Figure 2: One-loop diagrams for the Z boson and photon self-energies Ii-zz,ZA.AA in the three-site 
model. Each external line in diagrams (A) - (L) can be either a photon or a Z boson; (M), (N), 
(O) and (P) apply only to the Z boson. Expressions for the relevant vertices are given in Appendix 
Dots on vertices denote derivative couplings. As described in the text, the calculation is done in 
't Hooft-Feynman gauge. The ■nw/z^p and Cw/z.p fields, respectively, denote the 't Hooft-Feynman 
gauge unphysical Goldstone bosons and the ghost fields corresponding to the electroweak and p bosons. 



and the Z-boson self-energy 



(47r)2s2c2 



+ 



56c2-47,,2 11 
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log 
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24 



log 



_A2_ 



(5.4) 



These expressions are correct to leading-log approximation, and to order a; we neglect cor- 
rections ©(ax^M^) or 0{ax^p'^), but keep those of order 0{ax^M'^) - and must therefore 
also account for the difference^'^ between and M^o in contributions proportional to aM^. 

We note that these results for HzA and Hzz are not transverse. While in the case of 
the Z-boson, one expects a scalar contribution renormalizing the Z-boson mass, the ZA 
mixing self-energy, properly defined, must be transverse by electromagnetic gauge-invariance. 
Therefore the calculation is not yet complete. As is well-known, a gauge-invariant result is 
obtained only after inclusion of the appropriate pieces (the so-called "pinch contributions") 
of one-loop vertex corrections and box diagrams |31, |3^. In 't Hooft-Feynman gauge the only 



- 14 - 



AA/^^'^Vwx A/V^"^'^Vw\ A/vi^°°\wN Z!"^^ 

v/xj^bx^Cvy vxJ^b^^^W vyJb^N / 

(G) / (H) CvK-^vK- (I) (J) Cp^p^ (K) ^ (L) A 

/W^ ^(VAA AA/^ J(W\ AA/^ j(W\ AAA^ fW\ AA/y fW\ 



Ca,Ca Cz,Cz CpO, CpO vr^i vr^yi 

(M) P° (N) P° (O) (P) (Q) TTH/i (I^) ^^_± 

Aaa/^°\\/na aaa^^°°\w\ aaa^^°°\w\ aaa(?'^°°\w\ aa/^' ^wn aa/^' Ww\ 

TTW± 7fp± Tt'z Tf'pO -k'z Hz 

(S) vr^i (T) vr^± (u) ''.Mff (V) (W) V (X) 

AA/^ y\AA AA/^' .; 'j ; 

Ti'pO -K'pO \y\^N>C-v^ vyx^C-x^ 

(Y) ^ (Z) JJC^ (a) C^pi'C'.i C^±,Ch.± 

AA/^^^~^VV\ /w^^^VXA AA/^^^^^^^^(\AA AA/^^^^^^^^^^^^^(\AAj 

Z p° Cz.Cz CpO, CpO 



Figure 3: One- loop diagrams for the W boson self-energy 11 in the three-site model. The relevant 
vertices are listed given in Appendix [A| Dots on vertices denote derivative couplings. As described in 
the text, the calculation is done in 't Hooft-Feynman gauge. The 'Kw/z,p and Cw/z,p fields denote the 
't Hooft-Feynman gauge unphysical Goldstone bosons and ghost fields corresponding to the electroweak 
and p bosons. 



such contributions arise from diagrams containing triple-vector-boson vertices, as illustrated 
for the electroweak and p gauge bosons in Fig. ^. 

5.2 Charged Gauge Boson Self-Energies 

The values of the individual diagrams in Fig. ^ are shown in Appendix Putting these 
contributions together, and using the relation M^o ^ M\ + '^M^, we obtain 
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(5.5) 



Again, the complete result will include pinch contributions. 
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Pinch Part W 
► 



Pinch Part P 
► 




Figure 4: Vertex correction diagrams constructed from tlic SM and p gauge boson loops which 



contribute to the pinch part of the self-energies |31, 3^ for the Z and A bosons. The external fermion 
lines are arbitrary, and may represent fermions charged under any combination of S'C/(2)o or SU{2)i. 



6. Pinch Contributions 

6.1 Pinch Contributions in the Standard Model 

We begin by reviewing the results of the pinch contributions to the Z and A self-energy 
functions in the standard model: see the first row of diagrams in Fig. ^. As discussed in 
detail in refs. the pinch contributions arise (in 't-Hooft-Feynman gauge) from the 

momentum dependence of the triple gauge-boson vertex, and yield effects proportional to the 
following commutator of generators times coupling constants 

[j=T+,j=T-]=g'n, (6.1) 

where the two terms in the commutator arise from the contraction of the momentum with 
the two charged- vertices, and g = e/s is the weak coupling constant. The factors gT^ j \pl 
arise from the couplings to the external fermion line currents = gJ'^/^/2. 

The pinch parts of the vertex corrections are proportional to the value of g^Ji^ on the 
relevant external fermion line. They are therefore universal, i.e. they depend only on the 
charges of the external fermion lines. As we will see, this property allows their effects to 
be incorporated into the gauge-boson self-energy functions. To do so, we will need to re- 
express this current in terms of the (tree-level) currents to which the photon and Z bosons 
couple. In the standard model, the relationship between the neutral mass-eigenstate and 
gauge-eigenstate fields is given by 



(6.2) 
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and, therefore, the relationship between the currents to which the mass eigenstates couple to 
the symmetry currents of the theory is given by 

\ /e tm\ 

(6.3) 

Note that, in this notation, the Ja and Jz currents include the relevant tree-level couplings. 

''3 





Inverting this relationship, we may solve for g^Jn in terms of Jaz-, and we find 



Jj3-=(ej4 + eJ^) . (6.4) 
Let us first consider the pinch contribution to 11^^, where 

YI'Xa = ^9^'''^aa + .-- (6.5) 

and we neglect the terms proportional to p^p'^, which will not contribute to the universal 
corrections. The pinch parts of photon vertex corrections to the four-fermion scattering 
amplitudes, then, are of the form 

\1ne~ioop 0^ -4 • ^ • e G{p\M^) . {e-^Z' + eA') + (e-^Z + eA) ■ e G{p\ M^) ■ ^ ■ A' . (6.6) 

The factors in the first term, read from left to right, represent the coupling of the photon 
to one external fermion line, the photon propagator, the ^W~^W~ coupling proportional to 
e, the relevant one-loop pinch vertex correction function G(p^,-/Vf^) to the second photon- 
fermion vertex, and lastly the coupling of g^Ji^ to the other external fermion line (with 
"primed" charges). The second term arises from applying the pinch vertex correction to the 
first fermion-vertex instead. A contribution to the self-energy function AII^^, on the other 
hand, generally gives rise to a correction of the form 

Thus Eqn. ( |6.6| ) may be viewed as yielding a contribution to 11^1^^ 

An^A(/) = 2eVG(p2, M^) . (6.8) 
Comparing this result for the standard model pinch contribution to that of we 

find 

Ani^ (p2) = 4eVi^2(MH/, Mw;p^) , (6.9) 

we see that G(p^,M^) = 2F2{Mw , Mw;p'^), where F2 is defined in Appendix 0. Note that 
the function G(p^,M^) will be the same in every standard model pinch contribution to the 
self-energies of the Z and A bosons. In addition, since the loop-functions depends only on 
the (universal) form of the triple gauge-boson vertex and the masses of the gauge-bosons, by 
substituting the appropriate gauge-bosons in the more general expression F2{Ma, Mb;p'^), 
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we may use this result immediately to compute the relevant loop-function in any pinch con- 
tribution in either the standard model or the three-site model. 

The one-loop contribution in Eqn. ( |6.6|) also gives rise to contributions proportional to 
the product of the photon and Z charges of the external fermions, and hence also corrects 
nzA(p^)- In general, a correction to would give rise to a contribution to the four-fermion 
amplitude of the form 

M\lne-loo, « -4 • 1 • ^XizAij?) ' ^Ajq ' ^' + ^ ' ' ^^Za{p') " ^ " ^' • (6.10) 

Hence, from Eqn. (|6.6| ), we find a contribution 

AU\z = 2e^-y - Ml;)F2{Mw,Mw;p^) • (6.11) 

The pinch parts of the Z vertex corrections to the four-fermion scattering amplitudes are 
of the form 

IL-Zoop oc Z . . e-m ■ {e-Z' + eM) + {e-^Z + eA)- e-2F^ • • Z' , (6.12) 

where we have abbreviated F2 = F2{Mw, Mw^P^) and the e| factor arises from the ZW^W~ 
vertex. We see that this gives rise to a correction to HzA 

Anf^ = 2e^-p^F2iMw,Mw;p^) , (6.13) 
s 

and, hence, the total pinch contribution to AII^^ is 

An^f = AUl^ + Anf^ = 2e2H(2p2 _ a4)F2{Mw, Mw;p^) , (6.14) 

in agreement with |3^ . 

Eqn. ( 6.12| ) also makes a contribution proportional to the product of the Z charges of 
the external fermions. If we write corrections to 11^^ in the general form, 

-M|f/e-/oop OC Z . . AHzzip') ■ ■ Z' , (6.15) 

then, Eqn. ( |6.12| ) yields the pinch contribution 



Anff = 4e2-(p2 _ Ml)F2{Mw, Mw;p^) , (6.16) 



in agreement with |3^ . 

An analogous calculation, arising from VF-boson vertex corrections and corresponding 
to the commutator of one charged and one neutral current, yields the corresponding pinch 
correction for the W boson propagator [p^, 32] 



4e2 



An^^ = -^(/ _ M^) [c^F2{Mz,Mw;p^) + s^F2{0,Mw;p^)] , (6.17) 

in which the two terms represent the contributions from vertex corrections with internal ZW 
and jW states, respectively. 
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6.2 Additional Pinch Contributions in the Three Site Model 



We next consider the pinch contributions in the three site model |27|, as illustrated in the 
second row of diagrams in Fig. ^. In this model, up to corrections of order 0{x'^), the 
mass-eigenstate charged gauge bosons are related to the gauge-eigenstates through (c/. Eqn. 

(PD) 

In order to understand the form of the pinch contributions, we need to understand the currents 
to which these gauge-bosons couple 

■ (1 






(6.19) 



where J'^ represents the current associated with fermions primarily charged under SU{2)q 
delocalized by an amount xi - the ordinary fermions - and J^' represents any matter charged 
primarily SU{2)i (see Eqn. (2.8)). Here we approximate go ^ e/s and gi = e/sx. Prom this, 
we find 

where we have neglected terms of order 0{xix'^) = 0{x'^). Note that, as required by ideal 
delocalization, the ordinary fermions do not couple to the charged-p bosons when xi = 

Comparing to Eqn. (|6.l| ), we see that the pinch contributions arising from /)-boson vertex 
corrections in the three site model will be proportional to 

2 



V2, 



SX 



xe 



2V2s 
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2x1 



'V2. 
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sx 



xe 



2V2s 



1 



2x1 
x^ 



.2-^3'+ 



4s2 



1 



2x1 



(6.21) 

The second term above is proportional to x^, and is therefore irrelevant in what follows. 

The pinch contributions are therefore proportional to the value of e^J^'/s^x^ on the 
relevant external fermion line. As in Eqn. (^^), the key to understanding the pinch contri- 
butions is to determine the relationship between Jg ' and the currents to which the neutral 
mass-eigenstates couple. Diagonalizing the mass-squared matrix, we find that the relationship 
between the neutral boson gauge- and mass-eigenstates is given by (c/. Eqn. ( 4.11 )) 





f c s x\ 


(L^3 


Af = 


S C SX 






X SX T 1 

\ 2 2c ^ / 





(6.22) 



where the rotation matrix is orthogonal up to corrections of 0{x'^). The relationship between 
the currents to which the neutral mass-eigenstates couple and the symmetry currents is given, 
therefore, by 





( c -s 


J'a\ = 


S C SX 


Up7 


X SX 1 

\ 2 2c ^ 



( (1 



^i)-s4 

e jfi 



(6.23) 
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allowing for fermion delocalization. Inverting the matrix, we find the relations 



sx 



{4' + xi4) = J^ + sx4 + 



- §2 

2c ^ ' 



and 



'-{1-x,)4 = c4 + sJ'X-Ij^^ . 



(6.24) 
(6.25) 



Noting that xi = 0{x'^), and therefore neglecting it on the left hand side of Eqn. ( 6.25 ), we 
may rearrange these equations to find 



g2rj.2 3 



Xl 



2cs 



1 



2& xi 



x^ 



(6.26) 



This equation will allow us to extract the pinch contributions in the three site model - note 
that the operator e^Ji^'js^x^ has, counter-intuitively, relevant weak-size couplings to the 
ordinary fermion currents and J^! 

In analogy with our calculations in the standard model, we may immediately read off the 
form of the /3-boson vertex correction contributions to photon exchange 



1 



2cs 



2c2 Xl 
(? — x^ 



(6.27) 

where the 2eF2 includes both the jp^p^ coupling e, and the loop-function 2F2 = 2F2 {Mp, Mp-^p^) 
Similarly, the p-boson vertex corrections to Z exchange may be written 



M 



--Z ■ 



one-loop ^ p2 _ J^2 



2cs 



e(l-^)^' + e 



2cs 



2& Xl 
(?■ — x^ 



{A,Z^M,Z' 



Z' 



(6.28) 



where the Zp'^ p^ coupling is proportional to e{(? — s'^)/2cs to leading order (see Table |5| of 
Appendix A.4). 

We may then compute the corresponding pinch contributions, by comparing Eqns. ( |6.2 
and (|]2|) to Eqns. (|6]|), ( |6loD , and (|6l^ ). From this we obtain 
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^^'{^-^)p'F2{Mp,Mp;p 
2c^ Xl 
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cs 
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[p" -Ml)F2{Mp,Mp-p' 



An 



{p^ 

zz (P^ 



ZA 



CS 



Xl 
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(6.29) 
(6.30) 

(6.31) 
(6.32) 
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Figure 5: One-loop vertex contributions to neutral-current processes arising from the delocalization 
operator CJj. As described in the appendix, since they are universal - i.e. proportional to the charges 
of the external fermions - these contributions can be incorporated into the neutral gauge boson self- 
energy functions ^zA.zz- Eots on vertices denote derivative couplings. The delocalization operator is 
proportional to x\ — ©(a;^), and therefore only the contributions proportional to Af^, which are illus- 
trated here, contribute to this order. There are analogous contributions to charged-current processes, 
which result in corrections to n^i/vF- 



Precisely analogous computations, arising from VF-boson vertex corrections and corresponding 
to the commutator [J^j., Jp], yields the pinch correction for the W boson propagator 



An3^-*^(p2) = £! _ ^ ) _ M^)F2iMp,Mp;p^) . (6.33) 



Note that, consistent with isospin symmetry, AUzz in Eqn. ( |6.32 ) reduces to All^t^ in 
Eqn. (|6.33| ) in the limit c ^ 1 with e/s held fixed. 

Finally to the order in which we work, expanding F2{Mp,Mp;p'^) for ~ ^wz 
Mp, we see that we may approximate F2{Mp, Mp;p'^) ^ F2{Mp, Mp;0), and these pinch 
contributions only affect the values of the self-energies at zero momentum. 

As described here, the "pinch" contributions are determined entirely by the gauge sym- 
metry and fermion coupling structure(s) of the theory. Examining Eqn. ( |6.23 ) however, one 



notes that the couplings of the fermions (with current J'^) to the p are suppressed by x. 
The vertex diagrams illustrated in the lower row of Fig. |^, therefore, do not contribute in 
the case of ordinary fermions on the external lines! Diagrammatically, as shown explicitly in 
Appendix ^, for ordinary fermions the contributions in Eqns. ( |6.29| ) - ( |6.33| ) may be shown 
to arise instead from j — p, Z — p, and W — p mixing corrections to the four-fermion scattering 
amplitudes. 

7. Fermion Delocalization Contributions 

Consider the fermion delocalization operator of Eqn. ( |2.8| ) 

C'f = -Xi ■ ViL(i^S(i)S|^^)V'L , 
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where D^S^^) = — WqL^T^^i-^ + igi£^i-^V^. The hnk variable S^;^) is expanded as 



7r(i) 



27r 
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+ ••• . 



(1) . . , ^ ^2 

From this, we see that the delocahzation operator of Eqn. (|2.8|) is expressed as 



(7.1) 
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(7.2) 



where J^" = ipLj^T^-ipi- In terms of the mass- and charged-eigenstate fields, to leading order 
in x, we find 



f\NC 



+ h.c. 



'2s2m2_, 



"4) jf 



c2-g2 
2sc 



+ 



(7.3) 



where we have used / k. \f2Mp±l g\ and Qq"^ e/s which are valid only to leading order in x. 

As illustrated in Fig. |5[ these couplings in the delocahzation operator give rise to vertex- 
corrections to neutral- and charged-current four-fermion processes. These diagrams are 
evaluated in Appendix ^, and their effects are summarized by the effective interactions in 
Eqn. ( p\TO| ). Using the relation (c/. Eqn. (|6^)) 



we may rewrite Eqn. ( [F.IO ) in terms of the currents and J^, 

= [Gi4 + J^} + {scG2J^ + s^G2J^} A 



(7.5) 



where we have abbreviated Gi^2 = G'i^2(Af^± ; xi), and these functions are defined in Eqns. 
( [F.ll ) and ( [F.12 ). Note that these vertex corrections are universal - i.e. proportional to the 
charges of the external fermions. As in the case of the "pinch" contributions, their effects 
may be incorporated into corrections of the gauge-boson self-energy functions. 



^^As described in |33[, these contributions correspond to renormalizations of the parameter xi. As noted 
previously (see footnote 1) , there is no explanation for the amount of delocahzation in this low-energy effective 
theory. 
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The contribution of these corrections to four-fermion amphtudes mediated by the photon 
and Z boson (A^^"'^~'°''^) exchange may then be written 



^one-loop ^ jg^C^^ + (1 + ^2^2)^} ^ {scGaZ' + (1 + S^G2)A'} , (7.6) 

^one-loop ^ |(i + Gi)Z + ^Gi.4} 2_^^, i^(i + Gi)Z'+'-GiA'} , (7.7) 



where, as before, A{') and Z(') are photon- and Z-charges carried by the external fermions. 
From the forms of Eqns.( [7^ ) and (7.7), we can read off the corrections to the self-energy 
functions, 
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AUzzip^) = 2Gi ■ (p2 _ M| 



(7.8) 
(7.9) 
(7.10) 
(7.11) 



By an analogous computation, or by noting the isospin symmetry relation, AIIvi/vK = A^zz\c^i 
with (e/s) fixed, we can also easily read off the corresponding correction to the W boson self- 
energy function. 

Substituting Eqns.( |FlI| ) and ( FU2D into Eqns.(f7^)-(|7llD we find 
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(7.12) 

(7.13) 
(7.14) 
(7.15) 



8. Total Gauge Boson Self-Energies 
8.1 Neutral Gauge Bosons 

Including the standard model and three-site "pinch corrections" , and the corrections arising 
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from the fermion delocalization operator, we find the neutral gauge boson self-energies 
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where the ^aa,za,zz were computed in Section |5Jj, and the function F2 is defined in Ap- 
pendix p. Evaluating and simplifying, we have 
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(8.4) 
(8.5) 



-ML loe 



(8.6) 



up to 0{ax^p^) or O(ax^M^). Note that the modified A A and self-energies are purely 
transverse. The ZZ self-energy, Uzzip"^), represents, in part, a renormalization of the elec- 
troweak symmetry breaking scale^^ similar to the corresponding one-loop renormalization 
proportional to the Higgs boson mass-squared in the standard model [53]. 



8.2 Charged Gauge Boson 

Including the standard model and three-site "pinch corrections" , and the corrections arising 



That is, a renormalization of the electroweak F-constant, equal to the vacuum expectation value of the 
Higgs in the standard model 
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from the fermion delocalization operator, we find the charged gauge boson self-energy 
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(8.7) 



where Hvi/pi/ is computed in Section 5.2, and the function F2 is defined in Appendix 
Evaluating and simplifying, we find 
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Note that, in the custodial isospin symmetric limit sin — > (i.e. 1 and M| ^ ^''-'vk^' 



Eqn. (EM reduces to Eqn. (EM 
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9. Precision Electroweak Corrections 



9.1 The S Parameter and Counterterms 



The neutral gauge boson self-energies contribute to the S parameter as |28 
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By using Eqs.(|8^ 

M2± » Ml, as 



the leading correction to the S parameter is evaluated in the limit 
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Note that the first term arises from "scaling" between Mw and Mp - and has a coefficient 



precisely equal to the leading-log contribution from a heavy Higgs boson 1 25 



a 



aSmggs = lo, 



Ml 

Ml. 



(9.3) 



This allows us to match our calculation to the phenomenological extractions of S which 
depend on a reference standard model Higgs-boson mass. 

The dependence on the renormalization scale (here taken to be the cutoff A of the effective 



theory) is cancelled by the scale-dependence of the appropriate counterms [18|. The 0{p'^) 
counterterms relevant to 5i_ioop are given by 



-C(4) = cigi52Tr[VS(2)i?^'^^s[2)] + C25i5oTV[L^,S(i)y'^^s[,^] . 



(9.4) 
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By using Eqn. ( [4.8D -( ^1^ ), these may be written in terms of the mass eigenstate fields as 



'C(4)lf A = '^SzziZ^Df^'^Z,) + i5zA{Z^D^'A,) + '-SAAiA^D^^" A,) , (9.5) 



where Dt"" = -d'^g'"' + d'^d" and 



2 2 
S Cl + C C2 



^AA = 2e' 



Cl + C2 



From this, applying Eqn. 



we find the contribution to S 
^S'l-ioop = -87r(ci + C2) . 



(9.6) 
(9.7) 
(9.8) 

(9.9) 



Adjusting for the reference Higgs mass, using Eqn. ( p.3| ) and adding the contribution 
from the counterterms in Eqn. (|9.9|), we arrive at our final result (Eqn. (|1.1D) 



aS; 
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M2 
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2M^ 



+ -rrr- log ■ 



41a 3ajxiMf\ A^ 

-87ra(ci(A) + C2(A)) , 

where the tree-level expression and the counterterms are now understood to be evaluated at 
scale A. 

9.2 aT and a Counterterm 



The T parameter [28| is expressed in terms of the W and Z boson self-energies as 

^ww{0) nzz(o) 



l~loop 



Noting 



^p± s2(4c2 - 1) 



c2M| 



+ 0(x2). 



from Eqns.(|8^) and ( |8.6| ), we have 
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Note that, as in the case of the S'-parameter, the first term arises from "scahng" between 
M]y and Mp - and has precisely the same form as the leading-log contribution from a heavy 
Higgs boson Q 

This allows us to match our calculation to the phemenological extractions of T which depend 
on a reference standard model Higgs-boson mass. 

The dependence on the renormalization scale (here taken to be the cutoff^, A, of the 
effective theory) is cancelled by the scale-dependence of the appropriate counterterm. The 
0{p'^) counterterm^^ relevant to Ti^ioop is 

5C = coglf (^tr[Z),S(2)|st^)]^ = (^tr[I),S(2)^st^)]^ . (9.14) 

Using Eqns. ( [4.6D , ( [4.9D and ( [4.1[1| ), in unitary gauge we read off a correction to the Z boson 



mass (but not the W boson mass) from Eqn. (9.14): 



5M| = -1^M|, (9.15) 



which leads to a contribution to aT: 



rxr -TM 47ra co(A) 

[d (ar)Ji_ioop = • (9.16) 



Adjusting for the reference Higgs mass, Muref-, using Eqn. ( 9.13| ) and adding the contri- 



bution from the counterterm in Eqn. ( |9.14| ), we then arrive at the final result quoted in Eqn. 

3a , M2 3a , A^ 47raco(A) 

= - W MlZ'^ - 32^ Mj + • 

In addition to this contribution, there will typically be additional contributions to the T- 
parameter^ arising from isospin- violation in the fermion sector |27]. 



10. Reduction to the Two-Site Model 

In the limit Mj{inns oo, which corresponds to taking the self-coupling of the Higgs to 



infinity, the standard model formally reduces to the electroweak chiral lagrangian |^, 35] 
which may be viewed as the "two-site" model illustrated in Fig. ^. Consider the limit 
Mp ^ oo in the three-site model, obtained by taking the coupling gi in Fig. |l| to infinity. 
In either case one is taking a dimensionless coupling to infinity, and the ordinary decoupling 
theorem |36| does not apply. 



^^Note that the tree-level value of aT is 0{M^ /Mp) in Higgsless models [ po]] , and therefore this counterterm 



is formally of 0{p ). This is manifest in Eqn. (3.14) by the fact that the counterterm is proportional to g2 
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Figure 6: Two-site nonlinear model which is, formally, the limit of the standard model as Mniggs — 

2 ,r2 r ^ 
z z p'^M^^ z z 

w+ w- w- 

Figure 7: p-exchange diagrams contributing to the ttw+t^w- ZZ, ttw+t^w- W~^W~ and ttzttzW^W' 
interaction terms at energy scales <C M^. 



Indeed, as noted above, there are interaction vertices proportional to Mp (see Eqn. (A.l)) 
in the three-site model. These yield corrections to lizz and n^yvF that are proportional 
to In Mp/M^ without any l/M^ suppression factor. Ordinarily, one would expect such 
contributions to the low-energy behavior of the theory to arise only from diagrams without 
propagating p bosons. In this case, however, the non-decoupling is manifested by the presence 
of terms proportional to In M^/M^ in the amplitudes for diagram {N)zz of Fig. 2 and 
diagrams (M)vi/iy and {0)y/w of Fig. 4, all of which include propagating p fields. Examining 
the contributions of these diagrams in detail (see Eqns. ( p.3S| , D.13 , D.15| )) reveals that these 



diagrams contribute only to ^zz,ww{^)-, and therefore affect aT but not aS. 

Nonetheless, we have seen above that the one- loop leading-log contribution to T arising 
from scaling between My/ and Mp has precisely the same form as the leading-log contribution 
from a heavy Higgs boson. In retrospect, this is an expected result. The chiral-logarithmic 
contributions of this kind depend only on the low-energy theory valid at energy scales between 
My/ and Mp. The leading order - 0{p'^) - interactions in this energy regime are determined 
entirely by gauge-invariance and chiral low-energy theorems. Since the gauge- and chiral- 
symmetries of the three-site model at energies below Mp are precisely the same as those in 
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3-site 


4s -^c^ 


4s^ 
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Table 1: This table lists the coupling constants of the tree-level two-pion/two-gauge-boson interac- 
tions arising from the O(p^) interactions in the 2-site and 3-site models. Adding the non-decoupling 
contributions arising from p-exchange illustrated in Fig. Eqn. (10.1), we see that the 3-site inter- 
actions reduce to those of the 2-site model at energies less than Mp. 



the standard model, the 0{p'^) interactions must be the same in both theories — and therefore 
the chiral-logarithmic corrections arising from this energy regime must also be the same in 



both theories |]5l|, |2|, |5|, |4 1 . 

Examining the pion and Goldstone boson interactions in the 0{p'^) lagrangian, we find 
that the only differences between the three-site and two-site model relevant to the calculation 
of the gauge-boson self-energies occur in the two-pion/two-gauge-boson interactions summa- 
rized in table 1. We may see how the three-site to two-site reduction occurs explicitly.^^ 
Starting in the three-site model, we have the C-j^ttAA vertices listed in table ||. We also have 
ttttAA interactions mediated by p-exchange, as illustrated in the left panel of Fig. ^. At 
energies E < Mp, we may integrate out the p-mesons and, at tree-level, we obtain additional 
ttttAA interactions as illustrated in the right panel of Fig. ^. The correspondingly induced 
couplings are evaluated to be 



e 



5g. 



TTzTTzWW 



e 

4^2 



(10.1) 



Combining these contributions with the three-site couplings given in table I], we find that the 
three-site model interactions reduce to those of the two-site model at energies less than Mp. 

11. Discussion 

We have computed the one-loop corrections to the S and T parameters in a highly-deconstructed 

jl to mod- 



three site Higgless model. Higgsless models may be considered as dual l3?|, |38|, |39|, 
els of dynamical symmetry breaking |41, ^] akin to "walking technicolor" ||43| , ^sj 46, 47 



pq ], and in these terms our calculation is the first to compute the subleading 1/A^ corrections 
to the S and T parameters. We find that the chiral-logarithmic corrections naturally separate 
into a model-independent part arising from scaling below the p mass, which has the same form 
as the large Higgs-mass dependence of the 5 or T parameter in the standard model, and a 
second model-dependent contribution arising from scaling between the p mass and the cutoff 



*See Figs. 2 and 3 of ref. [|§ 
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of the model. The former allows us to correctly interpret the phenomenologically derived lim- 
its on the S and T parameters (in terms of a "reference" Higgs-boson mass) in this three-site 
Higgsless model. We also discussed the reduction of the model to the "two-site" model, which 
is the usual electroweak chiral lagrangian, noting the "non-decoupling" contributions present 
in the limit Mp — > cxd. 

Our analysis has focused on contributions to the S and T parameters from the extended 
electroweak gauge sector. In principle, there would also be contributions from the extended 
fermion sector of the model. We calculated these contributions'^ to aT in the three-site 
model [^] and demonstrated that they are sizable enough to place strong lower bounds on 
the masses of the KK fermions. Specifically, the enlarged fermion sector results from adding 
fermions with Dirac masses (M) and the bound from aT is M > 1.8 TeV. The contributions 
of these Dirac fermions to the S parameter decouple in the large-M limit; the lower bound 
on M is large enough to render their 0{M^,/16^^'^M'^) contributions to aS negligible. 

In the limit in which the vector fields at sites and 2 are treated as external gauge 
fields (i.e., not as dynamical fields) the three-site model is equivalent to the "vector limit" 
[^] (with a=l) of "Hidden Local Symmetry" [51, 52, 53, p3| models of chiral dynamics 



in QCD. The calculation of one-loop corrections to the /S-parameter presented here - in the 



limit of "brane-localized" fermions, xi = - is equivalent to those presented in p2| , 55 1. Note, 
however, the contributions to the T parameter arise from one-loop diagrams involving the 
vector-boson at site 2, and cannot be reproduced in the limit that one treats this gauge-boson 
as external. 



In a forthcoming publication 1 33 ] we will report the results of a full renormalization-group 
analysis of the 0{p'^) terms in the three-site Higgsless model effective theory, allowing us to 
independently confirm the results in Eqns. ( |1.1| ) and ( |1.2| ), and to express the values of aS 
and aT in terms of low-energy parameters. 
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A. Interactions of Mass Eigenstate Fields 



In this appendix, we rewrite the gauge-sector interactions from Section ^ in terms of mass 
eigenstate fields using Eqns. ( ^ ) - ( [4. 4] ) and ( ^ ) - ( [4.14 ), expanding those in powers of 
X and keeping the terms which give rise to a non-trivial contribution to the gauge boson 
self-energy functions in the leading log approximation, up to corrections of order 0{ax^ My^). 

A.l Three- Point Vertices Proportional to Gauge Boson Masses: Ct^aa 
Rewriting eqn. ( |3.34| ) in terms of mass eigenstate fields yields 



+ h.c. . 



(A.l) 



The couplings are expressed in terms of the gauge and Goldstone boson wavefunctions given 
in Eqns.(U), (|4Tl| ) and ( ^ ) as 
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(«//?), 

{v^y^ - vlv'p) (a / /3) , 



(A.2) 
(A.3) 
(A.4) 
(A.5) 



for a,P = W^, and n = A, Z, . In obtaining the expressions for these couplings, we have 
used Eqn. ([4.12|) and 

J = V2Mpi (^1-^ + ...^ , (A.6) 



91. 



which follows from Eqn. ( [4.2^ . The explicit expressions for each of these couplings is shown 
in table |2|. From table in the isospin symmetric limit s — > (or c ^ 1) with (e/s) fixed, 
we find 



9zW+\^'^^ ~ ^w+w ~ ^' 9 pO\Y+\c-^l — 9z"p+ \c-^l — 9\Y~ p+\c^l ) 



TTz 



I _ %+ I _ %o I 
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(A.7) 



as expected. 
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Table 2: The Goldstone boson couplings proportional to gauge boson masses. 



The interaction vertices in eqn. (A.l) include terms that explicitly mix the standard 
model and new-physics sectors of the model. The second term in line one of Eqn. (A.l) 
includes an interaction {Zp-Ky/) contributing to diagram {N)zz of Fig. ^. The first term of 
line one includes an interaction (WpTTw) contributing to diagram {M)ww of Fig. ^; the first 
term of line three includes a Wpirz interaction contributing to diagram {0)ww of the same 
figure. All three of these terms contribute to diagrams whose amplitudes are explicitly found 
to have non-decoupling contributions proportional to ln(M^/M^), unsuppressed by factors 
of 1/Ml 



- 32 - 



A. 2 Three-Point Vertices Dependent on Derivatives: Lt^t^a 
Rewriting Eqn. ( p. 35 ) in terms of mass eigenstate fields yields 



+I1.C. . 



(A. 



The couplings are expressed in terms of the gauge and Goldstone boson wavefunctions given 
in Eqns.Q, (|4Tl| ) and (^ ) as 
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for a, (5 = W^, and n = A, Z, . In obtaining the expressions for these couplings, we have 
used Eqn. ( [4.12 ). The explicit expression for each of these couplings is shown in table ^. 
From table ^, in the isospin symmetric limit s — > (or c — > 1) with (e/s) fixed, we find 
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(A.12) 



up to an overall sign, as expected. 

The interaction vertices in Eqn. ( |A.§| ) include terms that explicitly mix the standard 



model and new-physics sectors of the model. The terms on line two of ( A. 8 ) include inter- 
actions (ZTTwiTp) contributing to diagram {M)zz of Fig. ^; the terms of line four include 
WiTzTTp and Wiip-nw interactions contributing, respectively, to diagrams {R)ww and {S)ww 
of Fig. I 

A. 3 Four-Point Vertices: /ZttttAA 

Rewriting Eqn. ( ^.36 ) in terms of mass eigenstate fields yields 
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Table 3: The Goldstone boson couplings dependent on derivatives. The expression of the 5^^^- 
coupling is not shown (denoted as "irrelevant") since the vertex constructed from this coupling does 
not contribute to the self-energy functions of the standard model gauge bosons W, Z and photon. 
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These couplings are expressed in terms of the gauge and Goldstone boson wavefunctions given 



in Eqns. Q, (PI ) and i^Wj) as 
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where subscripts a, (3 and 7 denote and and n does j4, Z and p'^. In obtaining the 
expressions for these couphngs, we have used Eqn. ( 4.12| ). The exphcit expression for each of 
these couphngs is shown in table ^. From table ^, in the isospin symmetric limit s — > (or 
c — > 1) with (e/s) fixed, we find 
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(A.22) 



up to an overall sign, as expected. 



A. 4 Three-Point Vertices among the Gauge Bosons: Caaa 
Rewriting Eqn. ( ^.29 ) in terms of mass eigenstate fields yields 
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Table 4: The Goldstone boson couplings between two gauge bosons and two Goldstone bosons. The 
vertices denoted as "irrelevant" do not generate leading log corrections to the gauge boson self-energy 
functions we are concerned with. 



where A^^y = dfj^Afj, — d^Af^ {A = A, Z, p^'^ ,W^). These couplings are expressed by using 
the wavefunctions given in Eqns.(U) and (|T1|) as 



9w+w- 



9p+p- 



1 + -s^x^ 



..L \2„,L 



y \2„,y 



1 + -s'^x^ 



1 + ^s'^x^ 



y „y „y 



(A.24) 
(A.25) 
(A.26) 



for n = A, Z,p. In obtaining the expressions for these couplings, we have used Eqn. ( [4. 12 ). 
The explicit expression for each of these couplings is shown in table |5|. From table ^, in the 
isospin symmetric limit s ^ (or c — > 1) with (e/s) fixed, we find 
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as expected. 
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Table 5: The three-point couphngs among the gauge fields. 



A. 5 Four-Point Vertices among the Gauge Bosons: Caaaa 



Rewriting Eqn. ( p. 30 ) in terms of the mass eigenstate fields yields 
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where we have neglected terms which do not affect the gauge boson self-energy functions at 
the one-loop level. These relevant couplings are expressed by using the wavefunctions given 



-37- 



yw+w- 


n = A 


n = Z 


n = p^ 


m = A 


e2 


e''c 
s 


irrelevant 


m = Z 


s 




irrelavant 


m = 


irrelevant 


irrelevant 





yp+p- 


n = A 


n = Z 


m = A 




2sc 1^1 8(c2-s2) I 


m = Z 




e2(c2-s2)2 ^ a:2(8c2-5+^) 


2sc I ^ ' 8(c2-s2) ) 


4s2c2 1 ^ 1 4(c2-s2)2 ) 


m = p^ 


ei 
sx 


e2(c2-s2) 
2s'-^cx 



e 



Table 6: The four-point couplings among the gauge fields. The vertices denoted as "irrelevant" do 
not generate leading log corrections to the gauge boson self-energy functions. 



in Eqns.(|45|) and ( |4.1ip as 
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for m,n = A, Z, p. In obtaining the expressions for these couplings, we have used Eqn. 
The explicit expression for each of these couplings is shown in table |^. From table ^ 
isospin symmetric limit s ^ (or c — > 1) with (e/s) fixed, we find 
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as expected. 
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A. 6 FP Ghost Terms in the Mass Eigenstate Basis 
Rewriting Eqn. ( p.28[ ) in terms of mass eigenstate fields yields 
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Note that these couplings are equal to the three-point couplings among the gauge bosons 
listed in table § due to gauge invariance. 

B. Feynman Integral Formulae 

We define the following Feynman integrals: 
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By introducing Feynman parameters, and performing dimensional regularization, these inte- 
grals are evaluated as 
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Interpreting the results in terms of a dimensional cutoff representing the cutoff of the effective 
theory, we make the replacement 
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Equivalently, the replacement above may be viewed as evaluating the counterterms, which 
cancel divergences, renormalized at the scale of the cutoff. 

In applying these formulae to extract the leading-log corrections to the S and T pa- 
rameters arising from loops of /O-mesons, we encounter two separate cases. In one case, the 
loop-corrections involve only propagating p-mesons . We refer to this as the degenerate heavy 
mass case, m which M| ~ M| > \p^\ = 0{M^). In the other case - which we refer to as 
the hierarchical mass case - loop-corrections involve one /?-meson and one light gauge-boson, 



and Ml > M\ 



B 



\P 



0{M. 



2 ^ 
W> 



We first examine the degenerate heavy mass case in which, from Eqns. (B.4)-(| 
find the approximate formulae, 



I), we 



flU 



M\ + Ml- -p^\ log ^ 
^ ^ y J ^ Ml 



1 



+Ml + Ml + + 0{p^/Ml) 

_l_ (J)^^p^ term) , 
1 p2 



{A7:YF2{Ma,Mb;p') ^ log , 



A2 



{AttYf^{Ma) = MX log ^ - 



(B.IO) 
(B.ll) 

(B.12) 



Consider next the hierarchical mass case. In this case, the expression for the function 
F3 remains the same as in Eqn. ( [B.12| ). In order to derive the approximate formulae for the 
functions F!^^ and F2, we may rewrite the expressions ( |B.4| ) and ( [B.5D as follows: 



(47r)2Fr(MA,MB;p2) = 



1 



A2 



1 



Mi + Mi - -p' j log — + Mi + Mi - -p' 



-2 f dx{xMl + {I- x)mI- x{l- x)p^) 
Jo 



X log ( X + (1 - x)j^ - x{\ - X)j^ 



+ {p^p^ term) , 
(47r)2F2(M^,MB;p2) = log - / dx\og[x + {I - x) 



M|_ p^ 
Ml 



(B.13) 



(B.14) 
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Expanding the right hand sides in terms of we find 



{4TTfF^''{MA,MB;p') = 9- 
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Mi + Mi - -p' ) log ^ + - (Mi + Mi - -p') 



18' 
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(4vr)2F2(M^, MB;p2) = log + 1 + -| log -f + -i^ 
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M2 ^M2 2M2 
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(B.16) 



where we have used |63] 



1 

/ dx^.\^{e2) = -l-ei\ogei- -e2 + -- 
Jo ^ 



[ dx{l-x)A{'{e2) 
Jo 

/ dxx{l-x)Al^{e2) 
Jo 



1 1 1 

3 , 11 
-- - eilogei - ~ H 

5 1 1 
-- + -ei--62 + ---, 



(B.17) 
(B.18) 
(B.19) 
(B.20) 



with A^^(e2) = X • 1 + (1 — x)ei - x(l - x)e2- Note the large logarithm, log(Mi/Mi), in the 
expression for F2. 

As a sample application of Eqns.( p.l5| ) and ( p.l6| ), consider evaluating the amplitudes 
{M)zz and {N)zz, from diagrams (M) and (N) in Fig. | , in the limit M^± > M^: 
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(B.21) 



>F2{Mp±,Mw;p') + ©(ax^M^ 



2s2c2 



F3(M„±)-F3(Mh.) 



(8c2 -7+4 



-F3(M„ 



+0(ax2M^) , 



(B.22) 



where x2 ^ AM'^/M\. It is easy to see that, in the leading log approximation, these 
expressions precisely equal Eqns. ( p.37| ) and ( |C.38| ) in Appendix |^. 
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C. Feynman Graph Results: Neutral Gauge Bosons 



In this appendix, we present the results of each contribution to the neutral gauge-boson 
self-energy functions IIaa,za,zz, as shown in Fig. |^. 



C.l Photon Self-Energy Amplitude Haa 
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where we have neglected terms of Oiax M^^^. 
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C.2 Photon/Z boson Mixing Amplitude Hza 
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where we have used x^M'^^ « 4M^ and neglected terms of 0{ax^M^r). 



-43- 



C.3 Z Boson Self-Energy Amplitude lizz 
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where we have neglected terms of 0{ax'^M^r) and used ~ c^M^ which is valid to leading 
order in x. 



D. Feynman Graph Results: Charged Gauge Bosons 



In this appendix, we present the results of each diagram contributing to the charged gauge- 
boson self-energy function IIvj/vi/) as shown in Fig. ^ 
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where we have neglected terms of 0{ax'^M^^) and used ~ c^M^ which is vahd to leading 
order in x. Note that, in Eqn. (^.5|), we have used the relation w M\ + ||m^ which 



follows from Eqns.(4.2) and p.7| ) to leading order in x = go/gi- 

E. Pinch Contributions and 7-p, Z-p, W-p Mixing Amplitudes 

As discussed in Section 3^, the p-pinch contributions of Eqns. (|6.29|) - (|6.33D arise diagra- 
matically from the 7-p, Z-p and W-p mixing contributions to the scattering amplitudes of 
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ordinary fermions. From Eqn. ( |6.26| ), we see that the couphngs of the neutral p-meson may 
be written 



7M _ _^ tM' 

^ SX 



2c^ XI 



(E.l) 



For ordinary fermions, whose couphngs to the gauge-eigenstate at site 1 are suppressed 
by xi = 0{x'^), the 7 — p and Z — p mixing amphtudes give rise to corrections to four-fermion 
scattering amphtudes analogous to Eqns. (|6l2^ ) and (|^): 
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Comparing to Eqns. ( |6.7| ) and ( 6.15| ), we see that these corrections may be absorbed into 
redefinitions of the neutral boson self-energy contributions through 
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where we have assumed ~ ^wz ^ ^p- Similar considerations (or, alternatively, taking 
the limit s ^ and Mz in Eqn. ( [E.7] )) lead to contributions to the charged-boson 

self-energy 

AUww = ]^ (l - 2 J) (P^ - M^)UwpiO) . (E.8) 

In this appendix, we present the results of the mixing amplitudes Hap, ^Zp, and Hwp 
and we confirm that the relations Eqns. ( |E.4| )-( p^ reproduce the results of Eqns. (6.29) - 
(PI). 



E.l Photon-p and Z-p Mixing Amplitudes and Hzp 

The photon-p mixing amplitude Hap and the Z-p mixing amplitude Hzp arise from the 
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Figure 8: One-loop diagrams contributing to Z ^ p mixing amplitude 



diagrams illustrated in Fig. ^. We find 
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Figure 9: One-loop diagrams contributing to W — p mixing amplitude 



for Hzp- Here we keep only the leading M^/x terms, and neglect other subleading contribu- 
tions. Putting these contributions together, we find 
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Combining Eqns. ( E.19| )- (|E.2C| ) with Eqns. ( [E.4| )-( ^?7|) yield the results presented in Section 
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E.2 W-p Mixing Amplitude Uwp 

The W-p mixing amplitude Hwp arises from the diagrams illustrated in Fig. ^. We find 
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Here we keep only the leading M^/x terms, and neglect other subleading contributions. 
Putting these contributions together, we find 
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The amplitude Eq. (E.28|), used in Eq. (E^), yields the results presented in Section 



F. Vertex Corrections from Fermion Delocalization Operator 

From the forms of the xi-dependent interactions of Eqn. ([7.31), we see it is straightforward to 
compute the vertex correction amplitudes Jf^ — A and J^ — Z. Note that the vertex correction 
arising from an interaction of the first term of line two in Eqn. ( |7.3|) is suppressed by a factor 
of (M^/M2j_) due to the t^w^ loop; therefore, it may be neglected since we are concerned 
with the leading log contributions of the form log(A^/M^^). The relevant Feynman graphs 
are shown in fig. ^. 

By using the formulae of Feynman integral in Appendix the vertex correction am- 
plitudes corresponding to diagrams (A)-(E) of figure | are evaluated to be, for an external 
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and, for an external Z-boson 
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It should be noticed that iC) j3j^+{E) jz^j^ = 0; the corresponding one-loop generated operator 
is written in the form, 
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log 
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in which the operator {goL^ — giV^) is orthogonal to the photon. 

Combining Eqns.( p\^ )-( |F.8D and ( [F.ID , we find that the vertex corrections are incorpo- 
rated into the following operators: 
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